By fitting experimental data from static creep/recovery carried out on pure bitumen, it is shown that the fractional model proposed enables the description of both creep and recovery behaviour with fewer parameters than those needed by other models in the literature. In particular, the model is fitted to experimental data of complex modulus |G*| and phase angle δ° obtained from Dynamic Mechanical Analysis. Lastly, it is demonstrated that when the fractional model is used, complex modulus isotherms for a range of frequencies can be created simply starting from isochronals at f = 1Hz.
Introduction
Viscoelastic characteristics of bitumen binders for asphalt mixtures are usually investigated in the linear viscoelastic (LVE) range, i.e., at stress and strain levels such that the constitutive behaviour of bitumen depends only on time and temperature but not on stress and/or strain magnitude. In these conditions, it is usually easier to perform laboratory tests and the correlation between bitumen and asphalt mixtures performances is less difficult to recognize.
Oscillatory and creep test are considered to be the best laboratory tests to determine the LVE rheological properties of bitumen. Nevertheless predictive models are considered a valuable additional tool that, along with experimental tests, allow one to improve the qualitative and quantitative characterisation of material behaviour.
Predictive models are also useful to extend the rheological description to temperature and loading conditions hard to reproduce in laboratory tests.
Furthermore rheological models allow one to state the dependence of a mixture's properties, and therefore of pavement's performances, on binders' characteristics.
Numerous approaches in rheological modelling have been developed over the years, and among these the classical mechanical element approach has been widely studied. The mechanical approach is traditionally based on analogical models made up of an arrangement of springs and dashpots connected in series and/or in parallel, whose behaviour is ruled by Hooke's law and Newton's law respectively. The corresponding constitutive relationships between stress τ(t) and strain γ(t) are differential equations of integer order whose general formulation is given by Equation (1) , where a i and b j are material constants [1] [2]:
Examples of these traditional analogical models are the well known Maxwell, Kelvin-Voigt and Burgers bodies and their generalizations. For these models, Equation (1) admits a relatively restricted class of solutions, all of an exponential type. Such a restricted class of solutions is probably not enough to describe complex dynamic behaviour of pure bitumen and even more polymer modified binders.
A first drawback is that these models are usually calibrated by means of creep and relaxation tests, but in doing this problems of parameter identification arise when both the loading and unloading responses have to be described with the same set of parameters.
Furthermore, the aforementioned models are formulated to describe a particular response of the material but the same model is not generally suitable to represent different dynamic behaviours.
Two other main issues are connected to the use of "traditional" models: first, many parameters are needed to reproduce the actual material behaviour; second, parameter identification based on best fitting can lead to physically meaningless values such as negative stiffness in a spring.
In the past authors have demonstrated that experimental creep and relaxation data of viscoelastic materials such as rubber, polymer and bitumen too, follow a power decay law, rather than an exponential one [3] [4] . The use of a power law is strictly related to the use of differential operator of non-integer order, also called fractional operators. From these observations researchers such as Gemant [5] , Scott Blair et. al [6] , Slonimsky [7] , Smit and De Vries [8] , Bagley and Torvick [9] , Koeller [10] , Schiessel et al. [11] , Schimdt et al. [12] , Soczkiewicz [13] , Podlubny [14] , Mainardi et al. [15] , Di Paola et al. [16] , Failla and Pirrotta [17] and Di Lorenzo et al. [18] used fractional operators instead of the classical ones to tackle the visco-elastic problem. More recently, Oeser et al. [19] , Celauro et al. [20] described asphalt mixtures creep function via fractional models.
In this work, the use of a rather simple fractional model is investigated in order to model the time dependent LVE behaviour of pure bitumen, in terms of creep/recovery function, as well as the response of the material in the frequency domain in terms of complex modulus |G*| and phase angle δ°.
The main contribution is to show that when dealing with experimental creep/recovery data, the linearised Nutting equation, which is a power law function, well captures the experimental creep strain behaviour. Then, if creep strain is assumed to be a power law function, the fractional constitutive law of a fractional element is restored simply by writing the dynamic response of the material as a convolution integral. In particular this study shows that the fractional model enables the description of both creep and recovery phase with only two parameters (the intensity and the order of the fractional operator) to be evaluated by a best fitting procedure on experimental data.
The same model is then used to interpolate complex modulus and phase angle experimental data from DSR oscillatory tests. It will be shown that the fractional model allows one to create complex modulus master curve once only |G*| and δ° isochronals at a loading frequency f = 1Hz are given.
Furthermore, a mathematical procedure based on a fractional model is used in order to evaluate shift factors. Then complex modulus master curve can be created without introducing any further error due to manual adjustments.
In order to assess the capability of the fractional model to describe the LVE behaviour of pure bitumen in terms of creep/recovery function and complex modulus master curves, static creep/recovery and oscillatory tests on two pure bitumens were carried out under different load and temperature conditions. All tests were performed within the LVE range using a Dynamic Shear Rheometer (DSR), and experimental data were used to validate the model. 
Nomenclature

LVE
The fractional model
In this section, after providing the constitutive equation of the fractional element, the response of the model subjected to creep, relaxation and oscillatory processes is discussed in detail.
For the fractional model the stress is proportional to the fractional derivative of the strain and the constitutive law is given by (2a) or, that is the same, (2b): or where τ(t) is the shear stress, γ(t) is the shear strain and c α is a constant value for fixed material and test conditions. The terms ( )(t) and ( (t) are the Caputo fractional derivative and the Riemann-Liouville fractional integral defined respectively by Equations (3) and (4): in which Γ( ) is the Euler Gamma function and α is the order of the fractional operator [21] .
The parameter α is a real number varying between zero and one. When α = 0 the constitutive law of a spring is obtained and the model is referred to as a model with perfect memory; conversely, when α = 1 the model returns the constitutive equation of a dashpot representing a behaviour with no memory. For 0<α<1 Equation (2) describes a viscoelastic material with fading memory.
Hence the parameter α might be considered as a memory parameter, as suggested by Koeller [10] , since it is representative of the memory of the material. Furthermore, Equation (2) allows for a continuous transition from the solid state to the fluid state when the memory parameter varies from zero to one.
The response of the system in Equation (2) to a unit step stress function, defined as the creep function, is given by:
On the other hand the relaxation modulus of the fractional element, defined as the response in terms of stress to a unit step strain function, is If the system is subjected to a sinusoidal input, the response is usually studied in the frequency domain in terms of complex modulus G*(ω) and its components, the storage modulus G'(ω) and the loss modulus G''(ω). The Fourier transform operator may be used in order to turn the time domain description into the frequency domain. Then, once and are defined as the Fourier transforms of the stress and strain functions respectively, and applying Fourier transformation to Equation (2), the constitutive law of the fractional element in the frequency domain is given by:
where i is the imaginary number and ω is the angular frequency defined as ω = 2πf (f = frequency, Hz). From Equation (7) the complex modulus can be directly evaluated as and its magnitude is According to the complex notation the complex modulus can be rewritten in terms of its in-phase and out-phase components where ω and ω , known as the storage and loss moduli respectively, are defined as It is to be noticed that the parameter α determines the relative contribution of the elastic and viscous components. For α = 0 the out-phase component elapses and the model is purely elastic; on the contrary for α = 1 the in-phase component is zero and the model describes a purely viscous element.
Modeling and results
In this section experimental data from static creep/recovery tests and cyclic tests carried out in the laboratory are used to validate the fractional model. Parameter identification and numerical simulations were run using the Wolfram Mathematica 7.0 and Excel softwares.
Creep/recovery behaviour via fractional model
Creep and recovery behaviour of bitumen is traditionally modelled by means of analogical models involving differential equations of integer order. The most used is the Burgers body, which requires one to estimate at least four parameters to describe experimental creep strain. Experimentally it can be shown that pure bitumen behaviour in creep and relaxation processes deviates from the classical exponential trend showing rather a power law evolution. For instance, the creep function of bitumen can be expressed through the Nutting equation as a power function with A and α set by a best fitting procedure.
In dynamics, it is widely known that the response of a linear quiescent system at t = 0 may be written in the classical Duhamel form:
where is the unit-impulse response function which exactly corresponds to the time derivative of the creep compliance . Considering and taking into account the definition of the Riemann-Liouville integral as given in Equation (4), Equation (14) becomes which corresponds to the constitutive law of fractional element detailed in Equation (2) where It has been shown through experimental evidence that the material exhibits a power law time dependent behaviour leading straight to fractional constitutive law. The dynamic properties of the fractional element are intermediate between purely elastic (α = 0) and purely viscous (α = 1). For this reason such a model may be considered as intrinsically viscoelastic unlike traditional analogical ones whose behaviour is forced to be viscoelastic since it is given by a combination of purely elastic (springs) and purely viscous (dashpots) elements.
In this section it is shown that the fractional model accurately describes experimental data with a small number of parameters. Under the hypothesis of linear behaviour, the Boltzmann superposition principle applies and the evolution of creep/recovery compliance according to Equation (13) is: where is the loading time. Equation (16) was applied to experimental creep/recovery compliance at different test conditions, and a best fitting procedure was run for parameter identification. Comparison between experimental and computed values shows that the power law properly describes the creep behaviour of bitumen.
In Figure 1 the predicted creep/recovery compliance by the fractional model, and the data measured at three different temperatures are depicted. Fitted parameters are detailed in Table 1 . From Figure 1 it can be noticed that experimental compliance is reasonably well fitted by the power law with only two parameters to describe both loading and unloading responses. It is interesting to point out that best fitting on the measured data always provides parameter α values in the range [0, 1] .
Furthermore, according to the experimental evidence that bitumen exhibits a more viscous behaviour with increasing temperature, α takes on values closer to one when the temperature increases. This confirms the hypothesis of a link between the order of the fractional derivative and the viscoelastic behaviour of bitumen.
Cyclic behaviour via fractional model
In this section, the capability of the fractional model to describe and predict the linear viscoelastic behaviour of bitumen subjected to sinusoidal oscillations is investigated. In particular, the model is fitted to the experimental data of the complex modulus |G*| and phase angle δ° obtained from Dynamic Mechanical Analysis (DMA) on two different pure bitumens, labelled from now on as bitumen A and B. Here complex modulus and phase angle experimental data are presented as a function of the test temperature and the applied frequency f.
First, Equation (9) is fitted to each isotherm of the complex modulus as shown in Fig. 2 and 3 , and the Least Mean Square method is implemented in order to evaluate the parameters of the model. It has to be stressed that in the log-log representation, Equation (9) is the slope and . According to this, the parameter corresponds to the magnitude of complex modulus when the applied frequency is f = 1Hz:
Furthermore, recalling that the phase angle δ° is defined as the logarithmic slope of the complex modulus with respect to frequency [22] , it can be inferred that (19) Table 2 at different test temperatures, and then compared in Fig.4 . (18) and (19) . It is to be stressed that the graphs depicted in Figure 4 are nothing but the isochronals of complex modulus and phase angle at frequency f= 1Hz. Hence parameters and as a function of temperature, correspond to |G*| and δ° isochronals at f = 1Hz. As the temperature increases the viscous component becomes predominant. According to the temperature dependent behaviour of the material, parameter α increases whereas c α decreases with an increase in temperature.
It is widely known that the linear viscoelastic behaviour of bitumen is bounded by two main transitions. The glassy transition usually starts at temperatures of -20°C while the transition to the Newtonian liquid state occurs at about 70°C, but this temperature can change for different kinds of bitumen and polymer modified binders. Similarly the parameter α is bounded by two limiting values which determine two extreme behaviours. At the glassy temperature Tg, it is α = 0 and the fractional model describes purely elastic behaviour; at a high temperature it is α = 1 and the model represents purely viscous behaviour. Between the two transition regions, α increases with temperature following a sigmoidal law.
On the other hand the parameter cα decreases with an increase in temperature following a stretched sigmoidal law bounded between two limiting values. At high temperatures, when bitumen is a viscous fluid with no capacity for recovering, the elastic component of the complex modulus is zero and ; in this case from Equation (11) c α is deduced to be c α =G''(ω)/ω. At very low temperatures (Tg), the complex modulus approaches a limiting value defined glassy modulus which is considered to be the same for different binders ( ). In this conditions , and Equation (10) restores .
Numerical simulation and comparison with experimental data for complex modulus
From the findings of the previous section, one should state that, if Equations (18) and (19) hold true, the proposed fractional model allows one to create both complex modulus and phase angle isotherms for a range of frequency, simply starting from isochronals at f = 1Hz.
To validate these findings, a simulation was run in order to create complex modulus isotherms from and isochronals at f=1Hz. Using Equation (17) and taking Equations (18) and (19) into account, each isotherm Ti can be described by the following equation:
Figures 5 and 6 display isotherms of determined using Equation (20) , and isotherms from experimental data for bitumen A and B, respectively, showing good overlapping of true data and computed values. 
Conclusions
In this work the fractional model is proposed in order to capture the viscoelastic behaviour of pure bitumen. In fact, it has been shown that if the creep strain behaviour is a power law function (Nutting equation), the Duhamel integral describing the response of a linear quiescent system at t=0 becomes a Riemann-Liouville fractional integral. The order α of the fractional operator overlaps with the real exponent of the power law. A further motivation for introducing a fractional operator is that bitumen in real pavement service conditions experiences intermediate behaviour between purely solid and purely fluid which can be properly described by an intermediate operator such as a fractional operator.
It is interesting to point out that best fitting on measured data from laboratory creep and dynamic modulus testing on pure bitumen always provides parameter α values in the range [0, 1] . This confirms the hypothesis of a link between the order of the fractional derivative and the viscoelastic behaviour of bitumen. In particular α can be considered a "memory parameter" allowing for a continuous transition from the solid state (α = 0), when the material has perfect memory, to the fluid state (α = 1), when the material has no memory.
The fractional model proposed here enables the description of both creep and recovery behaviours of bitumen with fewer parameters than those needed by other models in the literature. Furthermore, not only the static creep behaviour but also the cyclic behaviour in terms of complex modulus is logically described by a power law function of frequency. A correspondence is found between complex modulus and phase angle isochronals at f = 1Hz, and the parameters of the model, based on the mathematical definition of power law function and supported by experimental data. This correspondence allows one to generate complex modulus isotherms over a range of frequencies simply starting from isochronal curves at f = 1Hz.
